eed mill operators and processors are frequently required to determine the inventory of many different feed products held in storage structures. This task is complicated by the fact that all granular materials compress (pack) a finite amount when pressure is applied to them. The material at the bottom of a storage bin will be compressed by the weight of the material stacked above it. The packing effect ultimately increases the capacity of a storage bin. Initial bulk density and moisture content have been shown to affect the packing of wheat, shelled corn, and other grain products (Thompson et al., 1987) and are believed to affect the packing of granular feed ingredients. Information on the influence of moisture content and bulk density are required to predict the packing of feed ingredients under loads exerted in storage structures to accurately determine product inventory. Thompson et al. (1987) developed a computer model to predict the packing of whole grains in storage structures. The program requires information on the packing behavior of the material being stored, coefficient of friction of the material against the bin wall, geometry of the storage bin and the initial physical characteristics of the stored material. The program uses functional relationships that were determined experimentally to predict the variations in bulk density of different meals as a function of the overburden pressure and moisture content of the material. This information was employed in the differential form of Janssen's equation (1895) to predict the pressures that exist in a storage bin of any given diameter and height. Capacities of hopper bottomed bins or flat-bottomed storage structures may be evaluated with the program. Specifically, the program predicts the total mass in a given structure, the packing factor of the material, and confidence limits of the estimated capacity.
Previous work has dealt with the theory of particle packing (Smalley, 1971) . This research considered the packing of regular uniform shapes and has provided important insights for understanding packing theory. It does not relate well to the situations encountered in packing of granular materials such as whole grains and ground feed products because the particles in these materials are of random size and shape and are compressible. Therefore, most work that relates directly to the packing of granular materials has been empirical in nature rather than theoretical.
An early publication by Bates (1925) describes a method for estimating the quantity of material in storage bins and the packing of granular materials. Since the standard unit of measurement is bushels, a volume measurement, the number of standard, uncompacted bushels in a bin is greater than the volumetric capacity due to packing. Bates suggested that the F number of standard bushels 770 kg/m 3 (60 lb/bu or 48.2 lb/ft 3 ) of wheat in a bin is dependent on the dimension and shape of a bin, the depth of material, and the test weight of the material in the bin. From experimentation the average packing for wheat was found to be 4.85% of the initial, uncompacted test weight per bushel. While Bates proposed that the packing of a granular material was a function of the depth of material in a bin, the 4.85% packing factor was used to predict the packing for all depths of grain due to limited data. Only the packing factor for wheat was reported, but reference was made to the fact that different packing factors would exist for other agricultural materials.
A more detailed method was used for estimating the packing factors of granular materials in a storage bin in a publication by the Illinois Agricultural Auditing Association (1980) . In this publication, packing factors were provided for seven different types of grain based on the initial test weight of the material and the quantity (bushels) stored per foot of depth in the structure. A technique was also provided for measuring the irregular surface depth from the top of the bin so that the average depth of grain could be estimated. For wheat with a test weight of 770 kg/m 3 (48.2 lb/ft 3 ), a packing factor of 2% was predicted by this method for rectangular bins with a cross sectional area of 3.5 m 2 (38 ft 2 ), which is an average increase of 15.4 kg/m 3 (0.96 lb/ft 3 ). In contrast, wheat stored in a circular bin with a diameter of 10.5 m (86.6 m 2 ) [34.5 ft (935 ft 2 )] or greater would have a packing factor of 10%, an average increase in bulk density of 77.0 kg/m 3 (4.82 lb/ft 3 ).
Attempts have been made to determine the packing factors of granular materials on-site. In a study performed by Malm and Backer (1985) , packing factors were estimated by measuring the top surface settlement of the stored material in a bin at 7 to 14 days after filling and then again at 23 to 40 days after filling. The maximum settlement that occurred was determined to be 2.5%. However, difficulties were encountered in accurately measuring the amount of settlement of the grain mass because the surface was disturbed when the cooperators took grain samples. Nevertheless, a set of packing factors for six different crops was proposed from this study.
Other studies have been conducted to determine the effects of grain spreaders on the in-bin bulk density of wheat. Chang et al. (1981 Chang et al. ( , 1983 ) determined that when a spreader was used, the in-bin bulk density of wheat was approximately 5% to 9% higher than when no spreader was used. Stephens and Foster (1976) found similar results and determined that grain spouted into a bin increased the average bulk density of the sample's test weight by an average of 3.7%. For bins filled with a spreader, it was determined that the in-bin bulk density increased from 12% to 19% depending on the type of spreader used. Chang et al. (1983) also determined relative pack factors for different filling methods. These were presented in equation form and used to describe airflow resistance in bins. Thompson et al. (1987) conducted packing tests for whole grains using two varieties each of six different grains. Changes in bulk density at different pressures [between 0 and 172 kPa (0 to 25 psi)] were determined at two moisture content levels [nominally 10% and 16% wet basis (w.b.) , all moisture contents are presented in percent wet basis]. Mathematical expressions were developed to represent compression curves and were incorporated into a computer program that utilized the differential form of Janssen's equation to predict the packing of grains in bins of a given diameter and height. For a moderate sized grain bin with a diameter of 11.9 m and an eave height of 11.9 m (39 × 39 ft), the pack factors were computed to be 3.8% for corn, 4.0% for sorghum, 4.1% for soybeans, 4.6% for hard red winter wheat, 6.1% for soft red winter wheat, and 7.2% for rough rice.
The packing of corn meal, soybean meal, citrus pulp, and wheat at pressures between 0 and 27.5 kPa (0 and 4 psi) was measured by Clower et al. (1973) . The ratio of lateral to vertical pressures was also determined for each material. Mathematical relationships were developed from the data to relate vertical pressure to bulk density. However, the effect of moisture content was not investigated in these experiments.
The objective of this study was to determine the change in bulk density (packing) as a function of pressure of corn meal, cotton seed meal, cracked corn, distillers dried grain (without solubles), and soybean meal at two moisture content levels and to modify the model of Thompson et al. (1987) to predict the packing of feed ingredients in storage structures.
MATERIALS AND METHODS
Feed materials were procured from a local vendor, sampled for moisture content using the oven method (ASABE Standards, 2007) , sealed in plastic bags, and placed in refrigerated storage. Received materials were sufficiently and uniformly dry to perform the low moisture tests. Distilled water was added by spraying a prescribed amount of fine mist to each material to increase the moisture content to the desired level (from ~8% to 12%). High moisture materials were placed in refrigerated storage to allow moisture to equilibrate within each sample while the low moisture materials were tested (10 to 14 days) and checked daily to determine that no free moisture had transferred to the interior surface of the bag. All samples were allowed to warm to room temperature prior to testing. The moisture content of the samples for the material with a nominal moisture content of 8% was 8.5%, 7.6%, 8.9%, 8.1%, and 7.7% for corn meal, cotton seed meal, cracked corn, distillers dried grain (without solubles), and soybean meal, respectively. For the nominal moisture content of 12%, the actual moisture content was 12.6%, 11.8%, 12.0%, 12.1%, and 11.7% for corn meal, cotton seed meal, cracked corn, distillers dried grain (without solubles), and soybean meal, respectively. The samples were thoroughly mixed during moisture equilibration and before testing. No effort was made to determine the particle size distribution of these materials, although this data should be included in future work.
The bench top compression apparatus described by Thompson and Ross (1983) was used to simulate the overburden pressure expected in typical storage structures. A 0.3-m square steel box was filled to a depth of 0.1 m with the feed ingredient and a simulated overburden pressure was applied using compressed air through a flexible diaphragm on the bottom. As the material was packed due to the air pressure, a dial gauge was used to measure the displacement and the change in bulk density was calculated. Pressure and change in density data were used to develop functional mathematical relationships that were inserted into the computer model (Thompson et al., 1987) that predicts the internal pressure at various depths and ultimately the packing of each material in a given storage bin.
Each material was subjected to vertical pressures of 0, 3.4, 6.9, 10.3, 13.8, 20.7, 34.5 , and 68.9 kPa (0, 0.5, 1, 1.5, 2, 3, 5, and 10 psi). These pressures simulate the stress conditions created by various depths of overbearing feed material and were selected because they represent the range of conditions which are thought to exist in most commercial and farm bins (Thompson et al., 1987) . Tests were conducted at nominal moisture content levels of 8% and 12% w.b., which represent typical values for storing feed products. Three replications were performed at each level of pressure and moisture content for each material.
A mathematical expression was developed using a statistical model (SAS Institute, Cary, N.C.) to predict the variation in bulk density as a function of internal pressure and moisture content for each feed product. These expressions were based on the combined data from each material tested. For each product the final expression was of the form:
where D p = predicted packed bulk density kg/m 3 (lb/ft 3 ) at a given pressure D o = test weight or uncompacted bulk density kg/m 3 (lb/ft 3 ) a,b,c = coefficients determined from the SAS program P = applied pressure simulating overbearing feed kPa (psi) MC = moisture content of the material (percent w.b.)
A function of this form was adopted because it produced a zero intercept regardless of the moisture content of the granular material. The regression coefficients (a, b, and c) were determined using SAS based on the measured moisture content of the material (table 1) .
DESCRIPTION OF THE MODEL TO PREDICT PACKING
The computer model from Thompson et al. (1987) was modified using the parameters fit to equation 1to predict the packing of feed materials in storage bins. The computer program utilizes the differential form of Janssen's equation to predict the variation in material properties (change in bulk density, coefficient of friction, and lateral to vertical pressure ratio) and pressures within a storage bin. A detailed explanation of this equation is given by Ross et al. (1979) . The differential form varies from the classical Janssen equation by including the effects of variable material properties. The differential form of Janssen's equation which is used in the solution is:
where D(P) = bulk density as a function of pressure for the granular material, kg/m 3 (lb/ft 3 ) k = lateral to vertical pressure ratio (dimensionless) μ = coefficient of friction of the material on the bin wall (dimensionless) R = hydraulic radius of the storage structure, m (ft) P = vertical pressure, kPa (psi) Y = depth of material in the bin, m (ft) Numerous assumptions and inputs to the model are required to predict the amount of packing. The moisture content of the material effects the packing of the feed material. The packing of the feed ingredients was tested at a moisture content of approximately 8% and 12%. However, it is believed that the packing data could be extrapolated and used over a moisture content range from 6% to 14%. This is based on the results of Thompson and Ross (1983) who found an 8% change in packing at a pressure of 7 kPa when the moisture content of wheat was increased from 12% to 16%. Therefore, it is believed that the packing data for feed ingredients could be extrapolated within the moisture content range of 6% to 14% with acceptable accuracy.
Three different types of wall surfaces can be used in the model: corrugated steel, concrete, or smooth steel. These wall surfaces are used to estimate the default values for the coefficient of friction of the material on the bin wall surface, μ, which is an input value to the differential form of Janssen's equation. Default values for the coefficient of friction based on the wall material can be used or a value from the user can be inputted in the range of 0.19 and 0.61. The default values of μ are based on the values suggested by the European Standard Design Loads in Buildings (DIN, 1987) . Recommended values for the coefficient of friction for corrugated steel, concrete, and smooth steel are 0.6, 0.4, and 0.25, respectively. The standard recommends these values for the coefficient of friction used when experimental results are not available for a specific granular material (either whole or ground grain).
The value of k is an input value to the differential form of Janssen's (Ross et al., 1979) equation and is the ratio of the lateral to vertical pressures in the stored material. A default value of 0.5 is suggested, however, the program will allow the use of k values ranging from 0.2 to 1.1. The DIN standard recommends a default value of 0.5 for granular materials when the parameter is not known.
The height of material in the storage bin is limited to a maximum height of 61 m (200 ft). The material height is defined as the position where the feed surface meets the bin wall. The angle of repose is required to estimate an equivalent depth in the bin due to the surcharge cone. The angle of repose was measured using the procedure described by Mohsenin (1980) . The sample was placed in a funnel and poured until the sample stopped the material flowing through the funnel. The angle of repose was measured using a protractor at three points around the cone and the experiment was conducted in triplicate. An equivalent depth of material is used in the program that takes into account the surcharge cone. There is an option in the program that would allow for the height and angle of hopper bottom bins to be considered. The bin diameter is required to calculate the hydraulic radius of the storage structure, which is an input variable to the differential form of Janssen's equation. The values of k and μ in equation 2 are assumed to be constant throughout the bin, while D, the bulk density of the stored material, is allowed to vary in a manner described by equation 1. To solve the differential equation with variable density, a fourth order Runge-Kutta solution technique was used (Kreyszig, 1972) . Several different step sizes were investigated to determine the accuracy and behavior of the function while decreasing the required run time of the program. A step size of 0.3 m (1 ft) was chosen because it proved to be the largest step size possible for the given function without sacrificing any accuracy. The variation in both pressure and bulk density could be determined for any size bin by using the differential form of Janssen's equation. The program also estimates the upper and lower 95% confidence limits for these values.
The amount of particle packing of the stored material was determined by:
where D y = average packed bulk density of the stored material in the bin of depth y, kg/m 3 (lb/ft 3 ) and D o = initial uncompacted bulk density of the material, kg/m 3 (lb/ft 3 ) The average bulk density of the stored material was estimated by using a weighted average of the calculated bulk density for each step. Equation 3 estimates the percent packing by taking the ratio of the average bulk density of the material in the storage bin at depth y to the initial uncompacted bulk density of the material. This method accounts for the volume change resulting from packing. Upper and lower 95% confidence values are also estimated for the bin capacity based on the experimentally determined variation in bulk density and pressure using the differential form of Janssen's equation.
RESULTS AND DISCUSSION

EXPERIMENTAL RESULTS
It was determined from previous test results that the variation in bulk density was a function of the type of feed material, moisture content, and overburden pressure. A representative sample of the results observed for soybean meal is shown in figure 1. These parabolic shaped curves are similar to those determined for the other materials that were tested.
The change in bulk density was predicted at a fixed moisture content of 12% and plotted in figure 2. A curve for shelled corn is also shown for comparison purposes (Thompson et al., 1987) .
The pressure-density data reveals that the feed products tested behave in a similar manner but to a different extent. When subjected to equal levels of overburden pressure, distillers dried grains (without solubles) yielded the largest amount of packing while cracked corn and cotton seed meal experienced a lower degree of packing. One possible explanation is the difference in particle size distribution of each feed material, however the particle size distribution was not determined.
APPLICATION OF MODEL
Feed ingredient packing was strongly influenced by type and moisture content. Thompson et al. (1987) felt the changes in bulk density were probably caused by a rearrangement of particles in the test apparatus that corresponds to a decrease in the void space between the particles. It is believed the same mechanism is responsible for changes in bulk density of feed ingredients. The computer technique utilized in this program is based on the differential form of Janssen's equation 2 which is a function of material properties of the feed ingredients (change in bulk density, coefficient of friction, and lateral to vertical pressure ratio) and the geometry of the storage structure. Results of the compression tests were used to correlate variations in bulk density as a function of pressure and moisture content. The angle of repose measured was 44_, 44_, 37_, 37_, and 39_ for corn meal, cotton seed meal, cracked corn, distillers grain (without solubles) and soybean meal, respectively, that was used to determine the equivalent depth due to the surcharge cone. The results obtained from Janssen's equation are a function of the coefficient of friction (μ) and lateral to vertical pressure coefficient (k). Previous work with whole grains indicated that μ had more effect on the packing factor than k (Thompson et al., 1987) . Future work should include measurements of the coefficient of friction of the feed ingredients.
Examples of the predicted packing factors utilizing the computer program are shown in table 2 for soybean meal in a hopper bottom bin with variations in μ, bin height, bin diameter, and feed moisture content. The results shown indicate that the packing factors varied between 4.4% in a small shallow bin filled with low moisture soybean meal to 8.8% for a large deep bin filled with high moisture material. Increasing material depth increased the internal pressure in the bin, which caused an increase in packing. It was observed that a change in material depth had a larger effect on packing than does the bin diameter. These changes are amplified by increases in moisture content and decreases in the friction coefficient. Changes in packing due to variations in μ were [a] Contact the authors for a copy of the model to determine the packing of other products and bin configurations. [a] Assumptions are a moisture content of 12% (w.b.), the interior wall surface is corrugated steel (μ = 0.5) and the lateral to vertical pressure coefficient (k) is 0.5. [b] D refers to the diameter of the storage bin m (ft). H refers to the cylinder height of the stored material in the bin m (ft). [c] D o refers to the initial bulk density of the stored material kg/m 3 (lb/ft 3 ).
of the same magnitude as the effect of changing bin diameter or height for the conditions shown.
Increasing the moisture content of soybean meal from 8% to 12% increased the magnitude of packing ( fig. 1) . At an internal pressure of 55.2 kPa (8 psi) the estimated bulk density of soybean meal increased by 85 and 130 kg/m 3 (5.3 and 8.1 lb/ft 3 ) at a moisture content of 8% and 12%, respectively. At an internal pressure of 55.2 kPa (8 psi) the bulk density of 12% moisture distillers dried grain (without solubles), corn meal, soybean meal, cotton seed meal, and cracked corn increased by 153, 157, 130, 103, and 77 kg/m 3 (9.6, 9.8, 8.1, 6 .4, and 4.8 lb/ft 3 ), respectively ( fig. 2) . However, at a moisture content of 8% and an internal pressure of 55.2 kPa (8 psi) the bulk density increased by 65, 145, 85, 102, and 75 kg/m 3 (4.0, 9.1, 5.3, 6.4, and 4.7 lb/ft 3 ) for distillers dried grain (without solubles), corn meal, soybean meal, cotton seed meal, and cracked corn, respectively (eq. 1). All materials, except corn meal, had a larger increase in bulk density at a moisture content of 12% relative to 8%.
This new packing data was also used to predict the packing factors shown in table 3 for the five products tested in various sizes of round, flat bottom structures. These results reflect the variations observed during the compression tests and illustrate the variations that exist between different feed materials. Distiller's dried grain and corn meal yielded the largest amount of packing in all bins under the simulated conditions, while cotton seed and soybean meal yielded moderate amounts of packing relative to the other products that were tested. Cracked corn yielded the least amount of packing in all cases. Predicted packing factors ranged from 4.3% for cracked corn in the 1.8-× 1.8-m (6-× 6-ft) bin to 13.3% for distiller's dried grains in the 5.5-× 5.5-m (18-× 18-ft) bin.
SUMMARY AND CONCLUSIONS
Experiments were conducted to determine the packing of corn meal, cotton seed meal, cracked corn, distiller's dried grain, and soybean meal. Mathematical expressions were developed for each feed material to describe the changes in bulk density as a function of the overburden pressure exerted on the material and the moisture content of the product. This information was used as a database for a computer program that was designed to determine the amount of packing and the mass of material in a given size storage structure. The differential form of Janssen's equation was used to predict packing factors.
When using this program it was determined that variations existed in the predicted packing factors by the type of feed product, the moisture content of the material, friction characteristics of the bin wall material, material height, and bin diameter. Increasing moisture content resulted in much higher packing factors, with distillers dried grain (without solubles) exhibiting the highest level of packing and cracked corn having the lowest level of packing.
